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Abstract. The subject of this paper is the relationship among the marked 
length spectrum, the length spectrum, the Laplace spectrum on functions, and 
the Laplace spectrum on forms on Riemannian nilmanifolds. In particular, we 
show that for a large class of three-step nilmanifolds, if a pair of nilmanifolds in 
this class has the same marked length spectrum, they necessarily share the same 
Laplace spectrum on functions. In contrast, we present the first example of a pair 
of isospectral Riemannian manifolds with the same marked length spectrum but 
not the same spectrum on one-forms. Outside of the standard spheres vs. the 
Zoll spheres, which are not even isospectral, this is the only example of a pair 
of Riemannian manifolds with the same marked length spectrum, but not the 
same spectrum on forms. This partially extends and partially contrasts the work 
of Eberlein, who showed that on two-step nilmanifolds, the same marked length 
spectrum implies the same Laplace spectrum both on functions and on forms. 



Section 1: Introduction. 

The spectrum of a closed Riemannian manifold (M,g), denoted spec(M, g), 
is the collection of eigenvalues with multiplicities of the associated Laplace-Bel- 
trami operator acting on smooth functions. Two Riemannian manifolds (M, g) 
and (M',g ! ) are said to be isospectral if spec(M, g) = spec(M', g'). 

The Laplace-Beltrami operator may be extended to act on smooth p-forms 
by A = dS + Sd, where 5 is the adjoint of d and p is a positive integer. We call 
its eigenvalue spectrum the p-form spectrum. 

The length spectrum of a Riemannian manifold is the set of lengths of smoothly 
closed geodesies, counted with multiplicity. The multiplicity of a length is defined 
as the number of distinct free homotopy classes that contain a closed geodesic of 
that length. We denote the length spectrum of {M,g) by [L]-spec(M, g). This is 
a natural notion, since the geodesic of shortest length in a free homotopy class 
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is just the shortest loop representing that class. (Note that other definitions of 
multiplicity appear in the literature.) 

Two Riemannian manifolds (M\,g\) and (M2,92) have the same marked 
length spectrum if there exists an isomorphism between the fundamental groups 
of Mi and M 2 such that corresponding free homotopy classes contain smoothly 
closed geodesies of the same length. Clearly, manifolds with the same marked 
length spectrum necessarily have the same length spectrum. 

The purpose of this paper is to study the relationship among the marked 
length spectrum, the length spectrum, the Laplace spectrum on functions and 
the Laplace spectrum on forms on Riemannian nilmanifolds. 

The relationship between the Laplace spectrum and lengths of closed geodesies 
arises from the study of the wave equation (see [DGu], [GuU]), and in the case of 
compact, hyperbolic manifolds, from the Selberg Trace Formula (see [C], Chapter 
XI). Colin de Verdiere [CdV] has shown that generically, the Laplace spectrum 
determines the length spectrum. On Ricmann surfaces, Hubcr showed that the 
length spectrum and the Laplace spectrum are equivalent notions (see [Bu] for 
an exposition). 

The Poisson formula gives the relationship between the Laplace spectrum and 
length spectrum of flat tori, with the result that pairs of flat tori are isospectral 
if and only if they share the same length spectrum (see [CS], [G3]). Pesce [P2] 
has computed a Poisson-type formula relating the Laplace spectrum and length 
spectrum of Heisenberg manifolds, and has also shown that pairs of Heisenbcrg 
manifolds that are isospectral must have the same lengths of closed geodesies. 
Previously, Gordon [Gl] exhibited the first examples of isospectral manifolds that 
do not have the same length spectrum. These Heisenberg manifolds have the 
same lengths of closed geodesies. However, the length spectra often differ in the 
multiplicities that occur. All known examples of manifolds that are isospectral 
have the same lengths of closed geodesies. 

The marked length spectrum contains significantly more geometric informa- 
tion than the length spectrum. Crokc [Cr] and Otal [Otl], [Ot2] independently 
showed that if a pair of compact surfaces with negative curvature have the same 
marked length spectrum, they are necessarily isometric. The same is true for 
flat tori (see [G3]). Recently Eberlein [El] showed that for two-step nilmanifolds, 
the same marked length spectrum implies the same Laplace spectrum both on 
functions and on p-forms for all p. (See Section 3 for more details.) 

However, the standard sphere and the Zoll sphere (see [Bes]) have the same 
marked length spectrum (trivially so, as they are both simply connected and 
by definition have the same lengths of closed geodesies), yet they are not even 
isospectral on functions. Indeed, any manifold isospectral to a standard sphere of 
dimension less than or equal to six must be isometric to it (sec [B2]). Examples of 
pairs of Riemannian manifolds that are isospectral on functions but not on forms 
are sparse. Most constructions for producing pairs of isospectral manifolds can 
be explained by Sunada's method [S] or its generalizations [DG], [GW1], [B3]. 
Pairs of manifolds constructed by the Sunada techniques necessarily have the 
same p-form spectrum for all p. 
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For any choice of P <E Z + , Ikeda [12] has constructed examples of isospectral 
lens spaces that are isospectral on p- forms for p = 0, 1, • • • , P but not isospectral 
on (P + l)-forms. A straightforward argument shows that for the family of lens 
spaces considered by Ikeda, if a pair of lens spaces in this family has the same 
marked length spectrum, they are necessarily isometric. Gordon [G2] has con- 
structed pairs of Heisenberg manifolds that are isospectral on functions, but not 
isospectral on one-forms. A consequence of Eberlcin's theorem is that Heisen- 
berg manifolds with the same marked length spectrum are necessarily isometric. 
(See Section 3 for more details.) The only other known examples of manifolds 
that are isospectral on functions but not isospectral on forms are pairs of isospec- 
tral three-step nilmanifolds presented and studied in [Gt3]. These examples are 
studied further here. 

This paper focuses almost exclusively on three-step nilmanifolds. The main 
results are a partial extension and a partial converse to Eberlein's theorem for 
higher-step nilmanifolds. 

Main Theorem 3.2.2. For a large class of three-step nilmanifolds, if a pair of 
nilmanifolds in this class has the same marked length spectrum, they necessarily 
share the same Laplace spectrum on functions. 

Main Example. Example V in the table below exhibits the first example of a 
pair of isospectral Riemannian manifolds with the same marked length spectrum, 
but not the same spectrum, on one-forms. 

These results have led to the following. 

Conjecture. Pairs of Riemannian nilmanifolds with the same marked length 
spectrum are necessarily isospectral on functions. 

Background ideas and notation are established and explained in Section 2. 
In [Gt3], we presented a new construction for producing pairs of isospectral 
nilmanifolds of arbitrary-step. In Section 3, this construction together with 
Eberlein's theorem and techniques from Riemannian geometry are used to prove 
the Main Theorem. 

Also in [Gt3] , we presented new examples of isospectral three-step nilmanifolds 
with combinations of properties described in the table below. For consistency, 
the numbering of the examples in this paper coincides with the numbering of 
the examples in [Gt3]. Note that Example V is also the Main Example. 

The spectrum on functions, spectrum on forms, quasi-regular representations, 
and fundamental groups of these examples were examined in [Gt3] . In Section 4 
and 5 we compare the length spectrum and marked length spectrum of these ex- 
amples. The pairs of isospectral manifolds described below have the same lengths 
of closed geodesies. However, the length spectra often differ in the multiplicities 
that occur. 

Table I: New Examples of Isospectral Manifolds 
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Pair of 3-Step 


Vp Same 


Rep. Equiv. 


Isomorphic 


Same 


Same 


Isospectral 


p-form 


Fundamental 


Fundamental 


Length 


Marked Length 


Nilmanifolds 


Spectrum 


Groups 


Groups 


Spectrum 


Spectrum 


1(7 dim) 


Yes 


Yes 


No 


No 


No 


11(5 dim) 


Yes 


Yes 


Yes 


Yes 


No 


III\IV(7\5 dim) 


No 


No 


No 


No 


No 


V(7 dim) 


No 


No 


Yes 


Yes 


Yes 



All of the examples described in the above table are of the form (T\G,g), 
where G is a three-step nilpotent Lie group, T is a cocompact, discrete sub- 
group of G (i.e. T\G compact) and g arises from a left invariant metric on 
G. Two cocompact, discrete subgroups T\ and P2 of a Lie group G are called 
representation equivalent if the associated quasi-regular representations are uni- 
tarily equivalent. If Pi and Y2 are representation equivalent, then (Pi\G, g) and 
(p2\G, g) are necessarily isospectral on functions and on smooth p-forms for any 
choice of left invariant metric g on G. 

Remark. Example I provided the first example of a pair of representation 
equivalent subgroups of a solvable Lie group producing nilmanifolds with un- 
equal length spectra. This cannot happen in the two-step nilpotent case. The 
relationship between the quasi-regular representation and the length spectrum 
and marked length spectrum of nilmanifolds is studied in [Gt2], where we also 
present the first examples of pairs of representation equivalent subgroups of two- 
step nilpotent Lie groups that do not produce nilmanifolds with the same marked 
length spectrum. Example I is also the first example of a pair of nonisomorphic, 
representation equivalent subgroups of a solvable Lie group. See [Gtl] for more 
details. Note that nilpotent Lie groups are necessarily solvable. 

Some of the contents of this paper are contained in the author's thesis at 
Washington University in St. Louis in partial fulfillment of the requirements for 
the degree of Doctor of Philosophy. The author wishes to express deep gratitude 
to her advisor, Carolyn S. Gordon, for all of her suggestions, encouragement, 
and support. The author also wishes to thank Patrick Eberlein for helpful con- 
versations. 

Section 2: Background and Notation. 
Section 2.1: Definitions. 

Let G be a simply connected Lie group with Lie algebra g. A metric on G is 
left invariant if left translations are isometries. Note that a left invariant metric 
is determined by a choice of orthonormal basis of the Lie algebra g of G. 

Let r be a a cocompact, discrete subgroup of G. A left invariant metric g on 
G descends to a Ricmannian metric on T\G, which we also denote by g. This 
paper focuses exclusively on manifolds of the form (P\G, g), where g arises from 
a left invariant metric on G. 

On manifolds of the form (T\G,g), the Laplace-Beltrami operator is 

n 

A = -E^ 2 > 
i=i 
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where {E\, • • • , E n } is an orthonormal basis of the Lie algebra g of G. 

Recall that the free homotopy classes of a manifold T\G correspond to the 
conjugacy classes in T. We will denote by py]r the free homotopy class of T\G 
represented by 7 G T. That is, [y]r — {777 : 7 G T}. 

We write A G [7]r if there exists a closed geodesic of length A > in the free 
homotopy class [7]r of (T\G,g). 

Let 7 be an element of L. We say a geodesic a of (G,g) is translated by the 
element 7 with period A > if 

jo-(s) = a(s + A) Vs G R. 

If a is a unit speed geodesic, then a projects to a closed geodesic on (T\G, g) of 
length A, and a is contained in the free homotopy class [7]r- 

As the projection (G, g) — > (T\G,g) is a Riemannian covering, all closed 
geodesies of (T\G, g) must arise in this fashion. So to study the closed geodesies 
of (T\G,g), it is enough to study the 7-translated geodesies of (G,g). 

Let a(s) be a geodesic of G through p = c(0). Let <r(s) = p~ 1 a(s). As left 
translations are isometries, a is a geodesic of G through e. If a is translated by 
7 with period A, then a is translated by (p _1 7p), also with period A. To see this, 
note that if ja(s) = <r(s + A), then 

(p~ 1 jp)o-(s) = {p~ 1 jp)p~ 1 o-(s) = p~ 7<t(s) = p^ 1 <r(s + A) = <r(s + A). 

2.1.1 Notation. In summary, A G [7]r if and only if there exists x = p~ x ^p G 
\)\g and a unit speed geodesic a(s) on (G, g) through e = <j(0) such that xcr(s) = 
<j(s + A), Vs G R. That is, x translates a with period A. Here [7]^ denotes the 
conjugacy class of 7 in G. 

With this notation, a pair of manifolds (Ti\Gi,.gi) and (L 2 \G2,52) share 
the same marked length spectrum if and only if there exists an isomorphism 
$ : Li -> T 2 such that for all 7 G L x , 

A G [7]r x if and only if A G [$("f)]r 2 - 

We say that the isomorphism $ marks the length spectrum between (Li\Gi, g\) 
and (r 2 V^ftO- 
Section 2.2 Nilmanifolds. 

Let q be a Lie algebra. We denote by the derived algebra [g, g] of g. That 
is, g^ 1 ^ is the Lie subalgebra of g generated by all elements of the form [X, Y] 
for X, Y in g. Inductively, define g( fe+1 ) = [g,g' fc ^]. The Lie algebra g is said to 
be k-step nilpotent if g( fe ) = but g^ -1 ) ^ 0. A Lie group G is called k-step 
nilpotent if its Lie algebra is. 

If G is a nilpotent Lie group with cocompact, discrete subgroup L, the locally 
homogeneous space T\G is called a nilmanifold. If G is an abelian Lie group, 
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then r is merely a lattice of rank n in G, where n is the dimension of G. In this 
case, logT is also a lattice in q. 

Let exp denote the Lie algebra exponential from g to G. The Campbell-Baker- 
Hausdorff formula gives us the group operation of G in terms of g. Namely, for 

x,Ye Q - 

exp(X) exp(F) = exp(X + Y + \[X, Y] + ±[X, [X, Y}} + [Y,X]} + ■■■), 

where the remaining terms are higher-order brackets. Note that for two-step 
nilpotcnt Lie groups, only the first three terms in the right-hand side are nonzero. 
For three-step groups, only the first five terms are nonzero. If g is nilpotent and 
G is simply connected, then exp is a diffeomorphism from q onto G. Denote its 
inverse by log . 

If G\ and G2 are nilpotent Lie groups with cocompact, discrete subgroups Fi 
and T 2 , respectively, any abstract group isomorphism $ : Fi — > F 2 lifts uniquely 
to a Lie group automorphism $ : Gi — > G 2 . 

For details of cocompact, discrete sugbroups of nilpotent Lie groups, see [Ra]. 

2.2.1 Definition. Let $ be a Lie group automorphism of G. Let T be a cocom- 
pact, discrete subgroup of G. 

(i) We call $ an almost inner automorphism if for all elements x of G there 
exists a x in G such that $(x) = a x xa~ x . 

(ii) We say $ is a Y-almost inner automorphism if for all elements 7 of Y 
there exists a 1 in G such that $(7) = a^a^ 1 . 

Denote by IA(G) (respectively, AIA(G), T-AIA(G) ) the group of inner auto- 
morphisms (respectively, almost inner automorphisms, T-almost inner automor- 
phisms) of G. Note that IA(G) C AIA(G) C T-AIA(G). 

2.2.2 Theorem (Gordon and Wilson, Gordon [GW1],[G1]). Let G be an 

exponential solvable Lie group, and let T\ and F 2 be cocompact, discrete subgroups 
of G. Let $ be a Ti-almost inner automorphism of G such that &(Ti) = r 2 . Then 
(Ti\G,g) and (T 2 \G,g) are isospectral on functions and on forms for any choice 
of left invariant metric g on G. Moreover, the automorphism $ marks the length 
spectrum between (Ti\G,g) and (r 2 \G, g). 

Note that a nilpotent Lie group is necessarily exponential solvable. 

Section 3: The Marked Length Spectrum vs. the Laplace Spectrum 
on Functions of Three-Step Nilmanifolds. 

Throughout this section, G is a simply connected, fc-step nilpotent Lie group, 
with Lie algebra g, Y is a cocompact, discrete subgroup of G, and g is a left 
invariant metric on G which descends to a metric on Y\G, also denoted by g. 
We denote the center of g by 3 and the center of G by Z{G). Let L x denote 
left multiplication by x G G. As g is left invariant, L x is always an isometry of 
(G,g). Let G^ = exp(g( fc )) denote the fcth derived subgroup of G. Note that if 
G is fc-stcp nilpotcnt, then G {k ~V c Z(G). 
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§3.1 Preliminaries. 

3.1.1 Theorem. Let G be a three-step nilpotent Lie group with left invariant 
metric g. Let a be a geodesic on (G,g) that is translated by the element 7 G G 
with period A > 0. Let p = cr(0). Then 

(V([log(^ 1 7p),0]),^(O))„ = O. 



Remark. This is the three-step generalization of a result due to Eberlein [El]. 
Recently Dorothee Schueth [Sch] has given an elegant proof, which generalizes 
the result to nilpotent Lie groups of arbitrary step. 

Outline of Proof of 3.1.1. 

We briefly describe the basic steps in the original three-step proof. For details, 
see [Gt4], Chapter 4. 

Let G be a simply connected, three-step nilpotent Lie group with Lie algebra g 
and left invariant metric g. Let g = v®Q { ~' , where v is the orthogonal complement 
of gW in g. Let gW = ( © q( 2 \ where £ is the orthogonal complement of in 
gW. Thus g = ^©C©0 (2) - 

Let {X\, X2, ■ ■ ■ , Xj} be an orthonormal basis of v. Let {Z\, Z%, ■ ■ ■ , Zk} be 
an orthonormal basis of and let {W\, W2, • • • , Wt} be an orthonormal basis 
of q( 2 K Throughout this proof the indices and / run from 1 to J, the indices 
h and k run from 1 to K, and the indices t and r run from 1 to T. 

Define A%^C\ k hj 

[X i ,X j ]=Y,A k ij Z k + Y J B t ij W t 

k t 

[x i ,z k \ = -[z k ,x i ] = Y,c t ik w t . 

t 

As [Xi,Xj] = -[Xj,Xi], we have A\- = -A k jt and B\- = -B^. By the Jacobi 
equation [g (1) ,g (1) ] C [Q,e (2) ] = 0. Thus [Z k ,Z h ] = 0. Finally, by applying the 
Jacobi equation to Xi, Xj, X k and examining the W t coefficient, we obtain: 

k 

For Lie algebras with a left invariant metric, the covariant derivatives can be 
calculated via 

< W V Y,U>= \ < [U,V],Y> +i < [U,Y],V> +i < [V,Y],U> 
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for U, V, Y in g. We obtain the covariant derivatives: 



k t 

3 t 

3 t 

V Xt W t = V Wt X, = \ B%X 3 - \ Cj fc Z fc , 



2^ J1 J 2 

3 k 



Vz k Z h = V Wt W r = 0, 

v Zk w t = v Wt z k = lY ct 3kXj- 



For x e G, x — exp [J2 J XjXj + ]T fe z k z k + Y,t w tW t j gives us a global coor- 
dinate system on G. With this coordinate system, a straightforward computation 
shows us that 



+ E ( \ E x < B h - \ E c ^ + Y2 E 

t \ i k i,l,k 



Let cr(s) = exp x j{ s )Xj + Y,k z k{s)Z k + J2 t Wt(s)W t ) be a geodesic of 
(G, g) with initial velocity <r(0) = ^ ^j^j +Sfe ^fe-^fc + St WtW t . A straightfor- 
ward computation of Vj( s )<r(s) = produces the following geodesic equations for 
a three-step nilpotent Lie group, reduced to a system of n-ordinary differential 
equations. 
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i d s ) = ~^2 x i( s ) A ji z k -^xtWB^wt -^2 z k( s )Cj k wt 

Lk l,t k.t 

Xi(s)xi{8)iDtC^ k A^ + Xj 

i,l,k,t 

Zk(s) = ^ 5^a;i(«)±j(«)i4£ + Y^x j {s)w t C t jk + z k 

«*(*) = )^x i {s)x j {s)B\ j - ^5Zi,-(«)« fc (»)C5 fc + \'Y,x j {s)z k {s)C t jk 

i,j j,k j,k 

~lYl x l {s)x {s)xi{s)C t lk A l l J +wt 

i,j,k,l 

If we assume that a geodesic a(s) starts at the identity and is translated by 
the element 7, then a lengthy but straightforward (brute-force) calculation yields 

(pog( 7 ),fl],(7(0)) e =0. 

Here one uses the extensively the fact that if 7cr(s) = <r(s + A), then L 7 » (<r(s)) = 
&(s + X). 

In the general case, let cr(s) be a geodesic of G through p = ct(0). Let a(s) = 
p^ 1 <r(s). Then a is a geodesic of G through e. If <r is translated by 7 with period 
A, then a is translated by p~ 1 jp, also with period A. Thus 

([log (p-^p)^] ,d(0)) e =0. 

But d(0) = (Lp-i)* (ct(0)) . As our metric is left invariant, we obtain 

( V ( N (P^TP) , 0] M0)) p = 0, 

as desired.! 

Remark. Ron Karidi [K] has recently given a formulation of the geodesic equa- 
tions for an arbitrary nilpotent Lie group with a left invariant metric. As above, 
this formulation is in terms of an orthonormal basis and structure constants of 
the Lie algebra. 

3.1.2 Notation. Let n denote the projection from 6? onto G = 6?/6? (fe_1) . For 
F a cocompact, discrete subgroup of G, denote by f the image of T under the 
canonical projection from G onto G. The group f is then a cocompact, discrete 
subgroup of G. Let g denote the metric on G defined by restricting the left 



10 



RUTH GORNET 



invariant metric g to an orthogonal complement of g( fc ^ C 3, where g is the Lie 
algebra of G. With this choice of metric g on G, the mapping 

n:(G,g)^(G,g) 

is a Ricmannian submersion with totally geodesic fibers. 

If $ : G\ — > G2 is a Lie group mapping, then necessarily <!> : G^ -1 ^ — > G^ -1 ^. 
Let $ denote the canonical projection of $ onto $ = 7r o $ : G\ — > G2. 

The Lie algebra of G is g = g/g^ 5-1 ). We denote elements of g by J7 where £/ 
is the image of U G g under the canonical projection from g onto G. Similarly, 
we will denote elements of G by ir where x is the image of x e G under the 
canonical projection from G onto G. 

All of the nilpotent Lie groups studied here have the following property. 

3.1.3 Definition. Let G be a simply connected, k-step nilpotent Lie group. We 
say G is strictly nonsingular if the following property holds: for all z in Z(G) 
and for all noncentral x in G there exists a in G such that 

[a, x] = z. 

Here [a,x] = axa~ 1 x~ 1 . Equivalently, the Lie algebra g is strictly nonsingular if 
for all noncentral X in g, 

3 C ad(X)(g). 

That is, for all X in Q — 3 and all Z in 3 there exists Y in g such that [X, Y] = Z. 
Note that for strictly nonsingular nilpotent Lie algebras, 3 = g^ -1 -*. 

3.1.4 Corollary. Let G be a simply connected, strictly nonsingular three-step 
nilpotent Lie group with left invariant metric g. Consider the Riemannian sub- 
mersion (G,g) — > (G,g). Lf a is a geodesic on G such that 7<r(s) = er(s + A) for 
some noncentral 7 in G and some A > 0, then a is a horizontal geodesic. That 
is, 

(L a(sh ( 3 ),a{s))=0 VsGR. 

Before proving Corollary 3.1.4, recall the following properties of Riemannian 
submersions. 

3.1.5 Proposition (see [GHL]). Let (M,g) — > (M, g) be a Riemannian sub- 
mersion. 

(i) Let a be a geodesic of (M,g). If the vector d(0) is horizontal, then a(s) 
is horizontal for all s, and the curve ir o a is a geodesic of (M,g) of the same 
length as a. 

(ii) Conversely, let p e M and let a be a geodesic of(M,g) with er(0) = tt(p). 
Then there exists a unique local horizontal lift a of a through p = <r(0), and a is 
also a geodesic of (M,g). 



Proof of Corollary 3.1.4- 



THE MARKED LENGTH SPECTRUM ON NILMANIFOLDS 



11 



By Theorem 3.1.1 



(Lp» ([log(p S^.fl]) >^ 



(0)> P = 0, 



where p = cr(0). By strict nonsingularity 



3 = 



(2) C [log(p Sp),*!] • 



Thus 



(L p ,(3),<7(0)L = 0. 



Thus <j(0) is horizontal. By Proposition 3.1.5, we know that &(s) is horizontal 
for all s € R. ■ 

§3.2 Main Theorem. 

On two-step nilmanifolds, we have the following relationship betweeen the 
marked length spectrum and the p-form spectrum. 

3.2.1 Theorem (Eberlein [E]). Let ri,r 2 be cocompact, discrete subgroups 
of simply connected, two-step nilpotent Lie groups G\ , 6?2 with left invariant 
metrics 31,52 respectively. Assume that (Ti\G±, g±) and (T2\G2,g2) have the 
same marked length spectrum, and let $ : Ti — > T 2 be an isomorphism inducing 
this marking. Then <& = ($1 o $ 2 )| ri , where $ 2 is a Ti -almost-inner automor- 
phism of G\, and $1 is an isomorphism of (G\,gi) onto (G 2 ,<72) that is also 
an isometry. Moreover, this factorization is unique. In particular, (Ti\Gi,gi) 
and (r 2 \G2,g 2 ) have the same spectrum of the Laplacian on functions and on 
p-forms for all p. 

Remark. Note that if r-AIA(G) = IA(G), then the elements of T-AIA(G) are 
isometrics of (G,g), where g is any choice of left invariant metric g of G. So by 
Theorem 3.2.1, any two-step nilmanifold with the same marked length spectrum 
as (r\G, g) is necessarily isometric to it. Note that this property applies to 
Heisenberg groups. Thus pairs of Heisenberg manifolds with the same marked 
length spectrum are necessarily isometric. 

We may now state the main result of this paper. 

3.2.2 Main Theorem. Let G be a simply connected, strictly nonsingular, three- 
step nilpotent Lie group. Let T\ and T2 be cocompact, discrete subgroups of G 
such that Ti n Z(G) = T 2 n Z(G). If {T\\G, g) and (T 2 \G,g) have the same 
marked length spectrum, then (Ti\G,g) and (T 2 \G, g) are isospectral on func- 
tions. 



To prove Theorem 3.2.2, we need the following. 
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3.2.3 Theorem [Gt3, Theorem 3.2]. Let G be a simply connected, strictly non- 
singular nilpotent Lie group with left invariant metric g. If T\ and T 2 are co- 
compact, discrete subgroups of G such that 

Ti n Z{G) = T 2 n Z{G) and spec (f i\G, g) = spec (f 2 \G, g) , 

then 

spec(Ti\G,g) = spec(Y 2 \G,g) . 

3.2.4 Theorem. Let G be a simply connected, strictly nonsingular three-step 
nilpotent Lie group with cocompact, discrete subgroup Y and left invariant metric 
g. Let 7 be a noncentral element ofT. Then we have the following condition: 

A 6 [7]p if and only if A 6 [7r(7)]f- 

Assume for the moment that Theorem 3.2.4 is true. 

3.2.5 Corollary. Let G\ and G 2 be simply connected, strictly nonsingular, 
three-step nilpotent Lie groups with cocompact, discrete subgroups T\ and T 2 and 
left invariant metrics gi and g 2 , respectively. Let $ mark the length spectrum 
between (Ti\Gi,gi) and (T 2 \G 2 ,g 2 ). Then $ must mark the length spectrum 
between (f i\G\,g\) and (T 2 \G 2 ,g 2 ). 

Proof of Corollary 3.2.5. 

Let A £ [7r(7)] Fi ,7r( 7 ) ^ 0. By (3.2.4) A G [ 7 ] Fl . By hypothesis A G [*( 7 )]r 2 - 
By (3.2.4) again A G [7r($_( 7 ))]f 2 = lHHl))}r 2 - 

Reversing the roles of Ti and T 2 , we obtain the desired result. ■ 

Proof of Main Theorem 3.2.2. 

Let $ mark the length spectrum between (Fi\G, g) and (T 2 \G,g). By (3.2.5) 
we know that $ must mark the length spectrum between (fi\G, g) and 
(T 2 \G,g) . By Theorem 3.2.1 spec(fi\G,g) = spec(f 2 \G, g). 

The result now follows directly from Theorem 3.2.3. ■ 

It remains only to prove Theorem 3.2.4, which follows directly from the fol- 
lowing two lemmas. 

3.2.6 Lemma. Let G be a simply connected, strictly nonsingular three-step 
nilpotent Lie group with cocompact, discrete subgroup T and left invariant metric 
g. Let 7 be a noncentral element ofT. With the above notation, if A G [7]r then 
AG[7r( 7 )]r- 

Proof of Lemma 3.2.6. 

If A G [7]r, then there exists a unit speed geodesic a(s) of G through e such 
that 

p^ 1 ^pa{s) = a{s + A) 
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for some p G G. 

By (3.1.4), a(s) is a horizontal geodesic, and by (3.1.5), tt o <t(s) is a unit 
speed geodesic of (G,g). 

But ir(p^ 1 jpa(s)) = 7r(p^ 1 )'!r(^)ir(p)ir(a(s)) = ir(a(s + A)). Thus 7r(er) is a 
unit speed geodesic translated by tt(p^ 1 )tt(j)tt(p) with period A. That is, A G 
[ 7r (7)]r> as desired. ■ 

3.2.7 Lemma. For G a simply connected, strictly nonsingular k-step nilpotent 
Lie group. Using the above notation, let A G [y]f, where 7 ^ e. Then A G [7] r 
for all 7 G 7T _1 (7). 

Proof of Lemma 3.2.7. 

Let a be a unit speed geodesic of (G, g) through e = cr(0) and translated by 
p _1 7P for some p <E G. 

By (3.1.5), the unique horizontal lift a of <r with <r(0) = e is a geodesic of 
(G, 5 ). 

As both G and 6? are complete, we see that a is defined for all s G R. We 
also have tt o <t(s) = a(s) for all s 6 R. To see this, note that the set S of all 
such s is nonempty as £ S, open by completeness, and closed by uniqueness 
and smoothness. Thus, S — R. 

Now 7t(<t(A)) = p _1 7p. Let p be such that 7r(p) = p. 

Let 7 G 7r _1 (7). Then n(p^ 1 jp) — p~ 1: yp — n(6-(X)). Thus (<t(A))(p _1 7p) _1 
is a central element of G. 

By strict nonsingularity, there exists x G G such that 

that is x _1 (p _1 7p)a; = ct(A). 

If we let p' — px, then <r(A) = p'~ jp'. Note that n(p'~ jp') = tt(o-(s)) = 

We now show that p'~ 7j/<7(s) = a(s + A) for all s G R. Let 

a(s) = V) -1 ^ + A). 

Now a(0) = {p'~ 1, yp')~ 1 ^(X} = e. Also, a(s) is horizontal since 5 is left invariant 
and a is just a left translate of the horizontal curve a. Moreover, 

7r(a(s)) = 7r((p' ^p')" 1 ^^ + A)) = P _1 7~ V^s + A) 
= p~ 1 j~ 1 pp~ 1 jpcr(s) = a(s). 

Thus a is a horizontal geodesic through e G G whose projection agrees with a. 
By uniqueness in Proposition 3.1.5, a{s) = <r(s) Vs G R. 
Consequently, 

p' 1 "fp'a(s) = a(s + A) 

for all s G R. Thus 

A G [ 7 ] r , 

as desired. ■ 
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§3.3 Three-step Nilmanifolds with a One-Dimensional Center. 

3.3.1 Theorem. Let G be a simply connected, strictly nonsingular, three-step 
nilpotent Lie group with a one- dimensional center. Let Ti and T 2 be cocompact, 
discrete subgroups of G such that T\ n Z(G) = T 2 fl Z(G). Let g be any left 
invariant metric on G. Then (Ti\G,g) and (r 2 \G, g) have the same marked 
length spectrum if and only if there exists an isomorphism <I> : Y\ — > Y 2 such that 
<& : fi — ► T 2 marks the length spectrum between (Ti\G,g) and (T 2 \G,g). 

Proof of Theorem 3.3.1. 

The forward direction follows immediately from Corollary 3.2.5. 

For the converse direction, assume that there exists an isomorphism $ : T± — > 
T 2 such that i> marks the length spectrum between (Ti\G,g) and (f 2 \G, g). 

We need to show that for all 7 S Ti, A G [7]^ if and only if A e [ < f > (7)]r 2 - 

We consider two cases: 

Case 1: 7 G T 1 nZ(G). 

If A G [7]r x , then there exists a geodesic a(s) of G such that 7cr(s) = a{s + A). 

As^is an isomorphism, we know that $(Ti nZ(G)) =T 2 nZ(G) =T 1 nZ(G), 
and hence, <I> must map a generator of Ti n Z(G) into a generator of T\ n Z(G). 
There are only two such generators. Thus for all 7 G Y\ C\Z(G), either $(7) = 7 
or $(7) = 7 _1 . 

Hence [$( 7 )]r 2 = [l]r 2 or [$(7)]r 2 = [7 _1 ]r 2 - 

If [ < I > (7)]r 2 = [7]r 2 , then the geodesic a(s) of G projects to a closed geodesic 
of (r2\G, .g) of length A in the free homotopy class [7]r 2 - 

If [ < f ) (7)]r 2 = [7 _1 ]r 2 , then the geodesic a(s) = cr(— s) of G projects to a 
closed geodesic of (T 2 \G, g) of length A in [7 _1 ]r 2 - 

This argument also works for : T 2 — ► Ti, which must necessarily mark 
the length spectrum. Consequently, for all 7 G T\ n Z(G), 

A G [7]r x if and only if A G [$(7)]r 2 - 

Case 2: 7 ^ Z(G) 

Let A G [7]ri- By strict nonsingularity and Theorem 3.2.4, we know that 
A G [7r(7)]f 1 . By assumption (ii), we know that A G [$(7r(7))]f 2 - N° w ^($(7)) = 
$(7r(7)). Thus by Theorem 3.2.4 again we know A G [$(7)]r 2 - Reversing the 
roles of Ti and Y 2 in the above, we see that for all 7 G I\ 7 ^ T\, 

A G [7] ri if and only if A G [$(7)]r 2 , 

as desired. ■ 

§4 The Marked Length Spectrum vs. the One-Form Spectrum. 

The example below is the first example of a pair of isospectral Riemannian 
manifolds with the same marked length spectrum, but not the same spectrum 
on one-forms. Outside of the standard vs. Zoll spheres, which are not even 
isospectral for dimension less than or equal to six, this is the only example of a 
pair of Riemannian manifolds that have the same marked length spectrum but 
not the same spectrum on one-forms. 
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Example V. 

We use the notation of Section 3. 

Consider the simply connected, strictly nonsingular, three-step nilpotent Lie 
group G with Lie algebra 

= 8pan-B.{X u X 2 ,Y U Y 2 , Z 1} Z 2 , W} 

and Lie brackets 

[XuYi] = [X 2 ,Y 2 ] = Z 1 
[X U Y 2 ]=Z 2 
[XuZx] = [X 2 ,Z 2 ] = [Y U Y 2 ]=W 
and all other basis brackets zero. 

We fix a left invariant metric on G by letting {E\,E 2 ,Es, £4, E 5} E & , £7} be 
an orthonormal basis of g where 

Ei = X\ — -X 2 — -F 2 , 

E 2 = X 2 — -Yi, 

E 3 =Y U 

E 4 = Y 1+ Y 2 , 

E5 = Z\, 

Ee = -Zi + Z 2 , 
E 7 = W. 

Let $ be the automorphism of G defined on the Lie algebra level by 

X\ — > —X\ + X 2 + —Yi + 2^2' 

X 2 ^X 2 -±Y 1 + ±Z 1 , 

Yi - -Yi, ' 
Y 2 ^2Y 1 +Y 2 + Z 2 , 

Z^Zi + ±w, 

Z 2 - -Zi - Z 2 + ^W, 

VK^ -w. 

A straightforward calculation shows that <&*([£/, V]) = [$*(£/), $*(V)] for all 
[/, V in g. Thus $ is indeed a Lie group automorphism. 
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Let Ti be the cocompact, discrete subgroup of G generated by 

{ex$(2X x ), exp(2X 2 ), exp(Yi), exp(F 2 ), exp(Z 1 ), exp(Z 2 ), exp(W)}, 

and let T 2 = Note that Ti n Z{G) = T 2 H Z(G) = {exp(jW) : j G Z}. 

Let $ be the projection of <j> onto G. Then 3> factors as $ = o "$> 2 where 
VPi is the automorphism of G given on the Lie algebra level by 

X 2 ^X 2 -^Y U 
% - 

y 2 ^2y 1 + f 2 , 

Zi — > Zi, 

Z 2 — > — Zi — z 2 , 

and ^2 is the automorphism of G given on the Lie algebra level by 

X\ — ► Xi, 

X 2 — > X 2 + jZi, 

-yi, 

? 2 ^ F 2 - ^ - Z 2 , 
Zi — > Zi, 

z 2 — ► z 2 . 



By rewriting \&i in terms of the orthonormal basis {E\, E 2 , E3, E4, E$, Eq} 
of g, one easily sees that ^i(Ei) = ±Ei for i = 1, ... ,6. Thus the automor- 
phism ^1 is also an isometry of T. A simple calculation shows that ^ 2 is an 
almost inner automorphism of G. Thus by (3.2.1), $ marks the length spec- 
trum between (fi\G, g) and (T 2 \G,g). By (3.3.1), $ marks the length spectrum 
between (T^G^) and (T 2 \G,g). 

By (3.2.2), (Ti\G,g) and (r 2 \G,g) must be isospectral on functions. 

In contrast, we have the following. 

4.1 Theorem [Gt3, Proposition 4.11]. The manifolds (Ti\G,g) and 
(T 2 \G, g) are not isospectral on one-forms. 

§5 The (Marked) Length Spectrum and Previous Examples. 



We now compare the length spectra and marked length spectra of Examples 
I-IV described in Table I. The spectrum on functions, spectrum on one-forms, 
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quasi-regular representations and fundamental groups of these examples were 
studied in [Gt3]. 

We use the notation of Section 3. 

All of these examples are described by Theorem 3.2.3. In particular, Examples 
I-IV have the property T 1 n Z{G) = T 2 n Z{G). 

Let A 6 [L]-spec(Ti\G,g). Let rrii(X) denote the multiplicity of A in 
[L]-spec(T i\G , g) . We decompose rm(X) as 

(5.1) m i {\)=m' i {\)+m'l{\) 

where to" (A) is the number of central free homotopy classes in which A occurs, 
and to -(A) is the number of noncentral free homotopy classes in which A occurs. 

5.2 Proposition. For pairs of isospectral manifolds constructed using Theorem 
3.2.3, the central multiplicities are equal; that is, to" (A) = to 2 (A). 

Proof of Proposition 5.2. 

If 7 e Ti n Z(G) = T 2 n Z{G), then by (2.1.1), A e [ 7 ] ri if and only if 
A e [7]r 2 - As the conjugacy classes of 7 in Ti and T 2 respectively contain only 
the element 7, we have a natural correspondence between the central conjugacy 
classes in Ti containing a closed geodesic of length A and the central conjugacy 
classes in T 2 containing a closed geodesic of length A. ■ 

Thus, for the examples below, we need only compare to^(A) and m 2 (A). 
Example I: Remarks. 
Let 

g = span n {X u X 2 , Y U Y 2 , Z u Z 2 , W} 

with Lie brackets 

[XuY!] - [X 2 ,Y 2 \ = Z 1 

[X U Y 2 ]=Z 2 

[XuZx] = [X 2 ,Z 2 ] = [Y U Y 2 ]=W 

and all other basis brackets zero. 

Clearly g is a strictly nonsingular, three-step nilpotent Lie algebra. 
Let Ti be the cocompact, discrete subgroup of G generated by 

{cxp(2A: 1 ), cxp(2X 2 ), exp(Yi), cxp(y 2 ), exp(Zi), cxp(Z 2 ), cxp(^)}, 

and let T 2 be the cocompact, discrete subgroup of G generated by 

{exp(2X 1 ), exp(2X 2 ), exp^), exp(Y" 2 + lz 2 ), exp(Zi), cxp(Z 2 ), exp(VK)}. 

The fundamental groups and the quasi-regular representations of Example 
I are studied extensively in [Gtl]. There we showed that Ti and T 2 are not 
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abstractly isomorphic, hence (Ti\G,g) and (T 2 \G, g) cannot possibly have the 
same marked length spectrum for any choice of left invariant metric. 
Let g be the left invariant metric on G defined by letting 

{X 1 ,X 2 ,Y U Y 2 ,Z 1 ,Z 2 ,W} 

be an orthonormal basis of g. 

In [Gt2], we showed that (Ti\G,g) and (r 2 \G,g) do not even have the same 
length spectrum. Although the same lengths of closed geodesies occur, the mul- 
tiplicities of certain lengths differ. 

Example I provided the first example of a pair of representation equivalent 
subgroups of a solvable Lie group producing manifolds with unequal length spec- 
tra. Note that nilpotent Lie groups are necessarily solvable. 

Example II: The (Marked) Length Spectrum. 

Let 

Q = span It {X 1 ,Y 1 ,Y 2 ,Z,W} 
with Lie brackets given by 

[X 1 ,Y 1 ]=Z 

[X U Z] = [Y 1 ,Y 2 ]=W 

and all other basis brackets zero. 

Clearly g is a strictly nonsingular, three-step nilpotent Lie algebra. 
Let Ti be the cocompact, discrete subgroup of G generated by 

{exp(2X 1 ), cxp(Y 1 ), cxp(r 2 ), exp(Z), exp(VK)} 

and let T 2 be the cocompact, discrete subgroup of G generated by 

{exp(2X 1 ),exp(r 1 + l -Z\ cxp(y 2 ), exp(Z), cxp(^)}. 

Note that these generating sets are canonical in the sense that every element of Ti 
can be written in the form exp(2niXi) exp(miYi) exp(m 2 Y 2 ) exp(kZ) exp(jW) 
for some integers m, mi, m 2 , k,j. Likewise for T 2 . 

5.3 Proposition. The above nilmanifolds have the same length spectrum, that 
is 

m-speciT^Cg) = [L]-spec(T 2 \G, g) 

for any choice of left invariant metric g of G. 

We showed in [Gt3] that Ti and T 2 are isomorphic as groups. Thus a natu- 
ral question to ask is, if a pair of nilmanifolds have the same length spectrum 
and have isomorphic fundamental groups, must they necessarily have the same 
marked length spectrum? We know already from [Gt2] that this need not be 
true even in the two-step case. This example is a higher-step example with the 
same property. 
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5.4 Proposition. The manifolds (Ti\G,g) and (T2\G,g) do not have the same 
marked length spectrum for any choice of left invariant metric g on G. 

Proof of Proposition 5.4- 

Let g be any left invariant metric on G, and assume \I/ : T± — > r 2 marks the 
length spectrum between (Ti\G,g) and (r 2 \G, (j 1 ). Extend to the Lie group 
isomorphism : G — > G such that ^(Li) = L2. 

We showed in [Gt3] Proposition 4.6 that any isomorphism * : F\ — > L 2 must 
be given at the Lie algebra level by: 

tf.(W) = ±W, 

= ±Z + h W 

**(F 2 ) = ±^2 mod « 

*,(yi) = ±(Yi + \Z) + ftiFa + foZ mod g( 2 ) 
- ±Xi + i/i 3 Yi + I^Fa mod a« 
where /lo, fti, /i2 ; h$ and /14 are integers and h\ + h\ 7^ 0. 

By Corollary 3.2.5 and Theorem 3.2.1, t = $io$ 2 , where $1 : G — » 6? is an 
isomorphism that is also an isometry of (G,g), and $2 G f i-AIA(G). As Y\ and 
F2 are not in \X\ , g] , we must have 

$ U (Xl) = ±Xl + i/l 3 ?i + |/14?2 + 

$ u (y 1 ) = ±y 1 + /i 1 F 2 + ^ 2 z, 

for some z\ , Z2 , Z3 G R. 

Now $1 an isometry implies that for all U, V in g, 

(*) (U,V) = ($ U (U),$ U (V)). 

Letting U = Z and V = Y 2 in (*), we see that 23 = 0. Letting U — Y 2 
and V = h\Y2 + z 2 Z in (*), we obtain h\ = Z2 = 0. Finally by letting U = 
\h3Y1 + \h4Y2 + Z\Z and V — Xi in (*) we see that Z\ = /i 2 = /14 = 0, which 
contradicts /i§ + /i| 7^ 0. ■ 

Before proving Proposition 5.3, we need the following. 

5.5 Proposition (see [Gt3, Proposition 2.1]). Let Pi and T 2 be cocompact, 
discrete subgroups of the Lie group G with left invariant metric g. If for each x 
in G we have 

#{ [ 7 ] ri C [x] G } = #{ [ 7 ] r2 c [x] G }, 

then 

m-specp^Cg) = [L]-spec(T 2 \G,g). 

Here #{ [ 7 ] ri C [x]g} denotes the number of distinct conjugacy classes in Ti 
contained in the conjugacy class of x in G. 

Proof of Proposition 5.3. 

Let x G G. We count the number of distinct conjugacy classes in T\ and T 2 
contained in [x]g- 
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Let 71 = exp(2niXi) exp(miYi) exp(m2F 2 ) exp(kZ) exp(jW) G Ti for 
ni,rai,m 2 ,fc G Z. Define the mapping F : T\ — > T 2 by 

F(7i) = cxp(2niXi)exp(mi(Yi + ^Z)) exp(m 2 Y 2 ) exp(fcZ) exp(jW). 

The mapping F gives us a correspondence between the elements of Ti and the 
elements of T 2 . Note that F is not a Lie group isomorphism. 

Now 71 and -F(7i) = 7 2 are conjugate in G. In particular, -F(7i) = a-fia' 1 
where a = e if m\ = 0, and a = exp(|Xi) exp((| + 2^7)^2) ^ m i 7^ 0- Thus 
[7i]ri C [x] G if and only if [F(j 1 )]r 2 C [z] G . 

To use Proposition 5.5, we must now compare the number of distinct conju- 
gacy classes in Ti and T 2 respectively that are contained in a fixed [x\q. 

Using the Campbell-Baker-Hausdorff formula, two elements 

71 = exp(2niXi) exp(mi Yi) exp(m 2 F 2 ) exp(kZ) exp(j W) 

and 

j[ = exp(2n' 1 Xi) exp(miYi) exp(m' 2 Y 2 ) exp(fc'Z) exp(j'W), 

of Li are conjugate in Li if and only if there exist integers ni,fhi,fh 2 ,k such 
that 

n[ = ni, m' x — mi, m' 2 = m 2 , 
k' = k + 2m\n\ — 2n\m\, 
f = j + m 2 m\ — m\fh 2 + 2fcni — 2riifc 
+ 2m\n\ — An\n\fh\ + 2ni 2 fhi. 

Let K = gcd{2n\,2m\). From the above, we see that every conjugacy class 
in Li contains at least one representative such that k G {1, 2, • • • , K}. We call 
such a representative nice. Two nice representatives are in the same conjugacy 
class in Ti if and only if k = k' and there exist integers ni, toi, m 2 , fc such that 
mini — n\fh\ — and 

j' = j + m 2 fh\ — mim 2 + 2kfii — 2n\k 
+ 2m\h\ — ^n\fi\fh\ + 2n\ 2 m\ 

Similarly, two elements of T 2 

7 2 = cxp(2niXi) exp(mi(Fi + ^Z)) cxp(m 2 F 2 ) exp(fcZ) cxp(jW), 

and 

72 = exp(2n' 1 X 1 ) exp(m' 1 (Fi + -Z)) cxp(m 2 Y" 2 ) cxp(fc'Z) exptfW), 
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are conjugate in T2 if and only if there exist integers ni, mi, m.2, k so that 

n'j = m, m! x — mi, m 2 = m 2 , 
k' = k + 1m\fi\ — 1n\fh\, 

j = j + (mini — nimi) + TO2TO1 — m\fh2 + 2kn\ — 2n\k 
+ 2min\ — An\fi\fh\ + 2n{ 2 fh\. 

Again we see that every conjugacy class in T 2 contains at least one nice 
representative, that is, a representative such that k e {1,2,- •• ,K}, where 
K = gcd(2n\,2m\) as above. Again, two nice representatives are in the same 
conjugacy class in T 2 if and only if k = k' and there exist integers n\,fh\.ffi2, k 
such that mini — nimi = and 

j' = j + TO2TO1 — mim 2 + 2kfii — 2n\k 
+ 2min\ — &mn\fh\ + 2n\ , fh\ 

Note that the correspondence F : T\ — > T 2 sends nice representatives to 
nice representatives. Thus if we restrict ourselves to nice representatives, the 
conjugacy conditions are equivalent. That is, two nice representatives 71 and 7^ 
are in the same conjugacy class in Ti if and only if the corresponding elements 
F(7i) and F(7 2 ) are in the same conjugacy class in T 2 . 

Let 71,72, •■■ ,7l be nice representatives of the L distinct conjugacy classes 
in Ti contained in [x]a- Then F(7i), ^(72), • ■ ■ ,F(jl) are nice representatives 
of L distinct conjugacy classes in T 2 . The same applies to F~ x : T 2 — ► T\. 

Thus 

#{ [ 7 ] ri C N G } = #{ [ 7 ]r 2 C N G }, 

as desired.! 

Example III: The Length Spectrum. 

Let 

9 = 3 P an B .{X 1 , X 2 , Y U Y 2 , Z u Z 2 , W} 

with Lie brackets 

[X 1 ,Y 1 ] = [X 2 ,Y 2 ] = Z 1 

[X±, Y2] = Z2 

[Xi.Zi] = [X 2 ,Z 2 ] - [Y U Y 2 ]=W 

and all other basis brackets zero. 

Clearly g is a strictly nonsingular, three-step nilpotcnt Lie algebra. 

Let Ti be the cocompact, discrete subgroup of G generated canonically by 

{exp (2Xi ) , exp (2 X 2 ) , exp ( Yi ) , cxp (Y 2 ) , cxp (Z 1 ) , cxp (Z 2 ) , cxp (W) } , 
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and let P 2 be the cocompact, discrete subgroup of G generated canonically by 
{exp(X 1 ),exp(X 2 ),exp(2y 1 ),exp(2F 2 ),exp(Z 1 ),exp(Z 2 ),exp(iy)}. 
Let g be the left invariant metric on G defined by letting 
{X 1 ,X 2 ,Y 1 ,Y 2 ,Z 1 ,Z 2 ,W} 
be an orthonormal basis of g. 

5.6 Proposition. The nilmanifolds (T\\G,g) and (T 2 \G, g) do not have the 
same length spectrum. In particular, the multiplicity of the length 1 in 
[L}-spec(Ti\G 7 g) is greater than its multiplicity in [L]-spec(T 2 \G, g). 

Proof of Proposition 5. 6. 

By Proposition 5.2 we need only consider the noncentral free homotopy 
classes. That is, we need only show m'^l) > m' 2 (l). 

Let 

7 = exp(AiniXi) exp(A2ri2X2) exp(f?imi Yi) exp(i?2m2Y2) exp(fciZi) exp(fc2.Z2) exp(jW) 

for integers n\,n 2 ,mi,m 2 ,ki,k 2 ,j and A\, A 2 , B\, B 2 G {1,2}. Note that 7 G Ti 
if and only if 

(*) A 1 = A 2 = 2, B l = B 2 = l 

and if 7 G T 2 if and only if 

(**) A x = A 2 = 1, Bi=B 2 = 2. 

By Theorem 3.2.4, to determine if 1 G [7]^ for noncentral 7 G Ti, we need 
only determine if 1 G [7] p.. That is, rather than looking at the lengths of closed 
geodesies on the three-step nilmanifolds (I\\G, g), we instead look at the lengths 
of closed geodesies on the quotient two-step nilmanifolds (Ti\G,g) for i = 1,2. 

The Lie algebra of G is g = g/g^ = spann{Xi, X 2 ,Yi,Y 2 , Z\, Z 2 } with Lie 
brackets 

[X u Yi] = [X 2 ,Y 2 ] = Z 1 
[X U Y 2 ] = Z 2 , 

and all other basis brackets zero. 

We may now use the following result due to Ebcrlcin. 

5.7 Theorem [El]. Let N be a simply connected, two-step nilpotent Lie group 
with He algebra n and left invariant metric g. Let V be a cocompact, discrete 
subgroup of N. Let 3 be the center of n and the orthogonal complement of 3 in 
n. Any element 7 G L may be expressed uniquely as exp(V"* + Z*) where V* G 
and Z* G 3. Let Z** be the component of Z* orthogonal to [V*,n]. Let A > 0. 

(l)IfXe [7] r , then \V* \ < A < ^\V*\ 2 + \Z**\ 2 . 
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(2) The period A = \ V* \ G [ 7 ] r if an d only if \Z**\ = 0. 

(3) The period A = ^\V*\ 2 + \Z**\ 2 e [ 7 ] r . 

Here n = g and the metric g is determined by the orthonormal basis of g 



{X 1 ,X 2 ,Y 1 ,Y 2 ,Z 1 ,Z 2 }. 

By Theorem 5.7, to find 7 such that 1 G [7]fv we nee d 7 = exp(V* + Z*) 
such that |F*{ 2 £ 1 < |F*| 2 + |Z**| 2 , where V* G span R {X 1} X 2 , Y u Y 2 } and 
Z* G spann{Zi, Z 2 }. 

For both Ti and r 2 , V* — Ain\X\ + A 2 n 2 X 2 + Bim{Y\ + B 2 m 2 Y 2 , where 
n 1 ,n 2 ,m 1 ,m 2 G Z Note that if\V*\ + 0, |y*| 2 = A\n\+A\n\+B\m\+B\m\ > 
1. So |F*| 2 < 1 if and only if |F*| 2 = 1. By Theorem 5.4, A = 1 = |V*| G [7]^ 
if and only if I Z** I =0. 

So if 7 = exp(F* + Z*) with \V*\ ^ 0, then 1 G [7]^ if and only if where 

= 1 and \Z**\ = 0. 
We consider two cases. 

Case 1: (ni) 2 + (m 2 ) 2 + 0. 

In this case, 3 = [log 7, g] , so Z" is automatically zero. Applying the condition 
|V"*| = 1 and lifting to the three-step level, we have 1 G [ 7 i]ri if and only if (see 
(*)) 

71 = cxp(±y 2 ) cxp(fciZi) cxp(fc 2 Z 2 ) cxp(jW), 
and 1 G [7 2 ]r 2 if an d 0Iu y if ( see (**)) 

7 2 = exp(±Xi) exp(fciZi) exp(fc 2 Z 2 ) exp(jW). 

We must now compare the number of distinct free homotopy classes of Ti and 
T 2 that take on one of these forms. 

Another element j[ = exp(±Y 2 ) exp(k[Zi) exp(k' 2 Z 2 )exp(j'W) of Ti is con- 
jugate to 71 in Ti if and only if there exist integers n\,n 2 , fh\ and k\ such that 

k[ = k\ ± 2n 2 ; k' 2 = k 2 ± 2n\\ j' = j ± fh\ + 2k\fi\ + 2k 2 n 2 ± 4nin 2 . 

Another element j 2 = exp(±Ai) exp(k' 1 Zi) exp(k' 2 Z 2 ) exp(j'W) of Y 2 is con- 
jugate to 7 2 in T 2 if and only if there exist integers n\,n 2 ,fh\ and m 2 such 
that 

k[ = fci=F2mi; k 2 = fc 2 =F2m 2 ; j' = j^ki+fh\+k\ni+k 2 n 2 ^2rhin\^2fh 2 n 2 . 

For Ti we have two choices { — 1, +1} for the coefficient of Y 2 , two choices for 
k\ , two choices for k 2 and one choice for j for a total of 8 distinct free homotopy 
classes. For T 2 we have two choices {— 1,+1} for the coefficient of X\, two 
choices for fci , two choices for k 2 and one choice for j for a total of 8 distinct free 
homotopy classes. Thus, the multiplicities of 1 coming from this case are equal. 
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Case 2: n x 2 + m 2 2 = but n 2 2 + m x 2 ^ 0. 

In this case, [log 7,0] = span-R,{Zi}, so Z** = if and only if k 2 = 0. Applying 
the condition |V"*| = 1 and lifting to the three-step level, we have 1 e [7i]ri if 
and only if (see (*)) 

71 = exp(±Yi) exp(fciZi) exp(jW), 
and 1 e [72]r 2 if an d only if (see (**)) 

72 = cxp(±A 2 ) cxp(fciZi) exp(jW). 

We must now count the number of distinct free homotopy classes of T\ and 
T2 that take on one of these forms. 

Another element 7J = exp(±Yi) exp(fc^i) exp(j'W) of Ti is conjugate to 71 
in Fi if and only if there exist integers h\,m 2 such that 

k[ — ki ± 2n 1 ; f = j =p m 2 + 2k 1 n 1 ± 2n\ . 

Another element ^ 2 — exp(±A2) exp(k[Zi) exp(j'W) in T 2 is conjugate to 72 
in T2 if and only if there exist integers hi, fh 2 and k 2 such that 

k[ = h =F 2m 2 ; j' = j =F k 2 + k^ =p 2n l fh 2 

For Ti we have two choices { — 1,-1-1} for the coefficient of Y\, two choices 
for fci, and one choice for j for a total of 4 distinct free homotopy classes. For 
T2 we have two choices {— 1,-1-1} for the coefficient of X 2l two choices for fci, 
and one choice for j for a total of 4 distinct free homotopy classes. Again, the 
multiplicities of 1 coming from this case are equal. 

Case 3: \V*\ =0,|Z*| ^0. 

Let 7 = exp(fciZi) exp(fc 2 2 , 2 ) exp(jW), for fci, k 2 , j G Z. Note that 7 G TiCHY 
Thus by (2.1.1), any period occurring in py]ri will also occur in [7]r 2 - L e t l' = 
exp(fc^Z!) exp(fc2) exp(J'W) be another element of I\ n T 2 , where k[, k' 2 ,j' G Z. 

Now 7' is conjugate to 7 in Ti if and only if there exists integers hi,h 2 such 
that 

k[=kf, k' 2 = k 2 ; f = j + 2(k 1 n 1 + k 2 n 2 ). 

However 7' is conjugate to 7 in T 2 if and only if there exists integers h\,h 2 
such that 

fci = fci; k' 2 =k 2 ; j' = j + (kifii + k 2 n 2 ). 

Note that there are twice as many distinct conjugacy classes represented by 
elements of the form 7 = exp(fciZi) exp(fc 2 ^2) exp(jVK) for Ti as for T 2 . Thus to 
show the multiplicities are not equal here, we need to exhibit a closed geodesic 
of length 1 in just one free homotopy class of this form. 
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Note that \Z**\ 2 = \Z*\ 2 = k\ + k\. By Theor em 5.7(ii i) and lifting to the 
three-step level, we see ^Jk\ + k 2 e [y] ri and y/k\ + k 2 G py]r 2 - Thus 1 e 
[exp(±Zi)] ri) i,j = l,2. 

Therefore, for Case 3, 1 occurs with twice the multiplicity in [L]-spec(ri\G, g) 
as it does in [L]-spec(r2\G, g). 

As the multiplicities of 1 are equal in all of the other cases, the multiplicities 
of 1 is not equal, as claimed. ■ 

Example IV: The Length Spectrum. 

Here the Lie algebra is the same Lie algebra as Example II, that is 
g = span R {X 1 ,Y 1 ,Y 2 ,Z,W} 

with Lie brackets 

[X 1 ,Y 1 ]=Z 

[X U Z] = [Y 1 ,Y 2 ]=W 

and all other basis brackets zero. 

Let Ti be the cocompact, discrete subgroup of G generated canonically by 

{cxp {2X 1 ) , cxp ( Yi ) , exp {Y 2 ) , cxp (Z) , exp (W) } , 

and let T 2 be the cocompact, discrete subgroup of G generated canonically by 

{exp(Xi), exp(2y 1 ), cxp(2Y" 2 ), exp(Z), exp(W)}. 

Let g be the left invariant metric on G defined by letting 

{X 1 ,Y 1 ,Y 2 ,Z,W} 

be an orthonormal basis of 0. 

5.8 Proposition. The nilmanifolds (Ti\G,g) and (T 2 \G,g) do not have the 
same length spectrum. In particular, the multiplicity of the length 
X = ^/47r(7 — tt) in [L]-spec(Ti\G, g) is greater than its multiplicity in 
[L]-spec(T 2 \G,g). 

Proof of Proposition 5. 8. 

By Proposition 5.2, we only consider the noncentral free homotopy classes. In 
particular, we show m^(A) > m' 2 (\) where A = ^/47r(7 — tt). 

By Theorem 3.2.4 if we wish to determine if A e [7]^ for noncentral 7 e T,, 
we need only determine if A G [7]f - That is, rather than looking at the lengths 
of closed geodesies on the three-step nilmanifolds (Ti\G,g), we instead look at 
the lengths of closed geodesies on the quotient two-step nilmanifolds (Ti\G, g) 
for i = 1,2. 
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However, for this example, £) = f)i ©R where \)i denotes the three-dimensional 
Hcisenberg algebra. To see this, note that 

\>i*{X u Y u Z}, and [X 1 ,Y 1 ] = Z. 

This is an ideal in q. And 

R = {%} 

which is also an ideal in g. Let Hi be the three-dimensional Heisenberg group. 
Note that 

Hi = {cxp(a;iA > i)exp(yiYi)exp(zZ) :x 1 ,y 1 ,z£ R}. 

This direct sum is actually a Riemannian direct sum, as the metric may also 
be written as 

9 = 9i © 92 

where g~\ is the left invariant metric on f)i given by the orthonormal basis 
{ X\ ,Yi,Z} and §2 is the left invariant metric on R given by the unit vector 

m. 

Furthermore, as 1^ = (r i ni?i)©(r i nR), we also have the Riemannian direct 
sum 

(f AG, g) £* ((f i n Hi)\H x ,g x ) © ((f 4 n R)\R 52). 

Using rescaling of geodesies, it is not difficult to show that A G [7]^ if and 
only if 

A 2 = \\ + A 2 

where Ai G [7i]f 4 nJfi an d ^2 € [72]f,nR- Here 7 = (71,72) with respect to the 
direct product f , = (fj n Hi) © (fj n R). 

Now, the length spectrum of ((I\ PlR)\R, #2) is easily seen to be | log(7 2 )| for 
all 72 G f j (~l R. Thus the length spectrum here (not counting multiplicities) is 
precisely the positive integers. 

The length spectrum of ((f itlHi)\Hi, gi) has been calculated by both Gordon 
and Ebcrlcin (see [E], [Gl]) and is known to be 

(i) I log(7i)| if 71 G f i n Hi, for 7r Z{Hi). 

(ii) {|i^(7i)|, V(47rfc)(|log(7i)|-7rfe) : 1 < fc < (£| log(7i)|), fc G Z}, for 

72 6fjnz(ffi). 

Nonintegral lengths occur in (1^ n Hi)\Hi only when | log(7i)| > 2tt > 6. 
Also note that ^47r(7 - 7r) G [7i]r ; nffi if and only if 71 = exp(±7Z) G fiDi?!. 
This is the smallest possible nonintegral length. 
Thus 

4tt(7 - tt) = A 2 = A 2 + A 2 . 

if and only if A 2 , = and \\ = 47r(7 - 7r) if and only if 7 = exp(±7Z) G fj. 
By lifting to (I\\G, <?), we see ^4^(7 - n) G [7]^ if and only if 

7 = exp(±7Z)exp(jW) G IV 
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We now count the number of distinct free homotopy classes represented by a 
7 of this form. 

Let 7' = exp(±7Z)exp(j'W). 

Now 7' is conjugate to 7 in Ti if and only if there exists integer fi\ such that 

f =j ± 14ni. 

However, 7' is conjugate to 7 in T 2 if and only if there exists integer fi\ such 
that 

/ = 3 ± 7 "-i- 

Thus there are 14 choices for j in Ti and there are 7 choices for j in T2- 
So the multiplicity of the length ^47r(7 - ir) in (ri\G,g) is 28, (14 for each 
of exp(+7Z)exp(jW) and exp(—7Z)exp(jWj), and likewise the multiplicity in 
(T 2 \G,g) is 14. 

Thus the multiplicities of ^4-^(7 — 7r) are not equal here, as claimed. ■ 

References 

[Bl] P. Berard, Spectral Geometry: Direct and Inverse Problems, Lecture Notes in Math- 

ematics, vol. 1207, Springer- Verlag, New York, 1980. 

[B2] , Varietes Riemanniennes isospectrales non isometriques, Asterisquc 177— 

178 (1989), 127-154. 

[B3] , Transplantation et isospectralite I, Math. Ann. 292 (1992), 547-559. 

[B4] , Transplantation et isospectralite II, J. London Maths. Soc. 48 (1993), 565- 

576. 

[Bes] A. Besse, Manifolds All of Whose Geodesies are Closed, Springer- Verlag, New York, 
1978. 

[BGM] M. Berger, P. Gauduchon, and E. Mazct, Le spectre d'une variete Riemannienne, 

Lecture notes in Mathematics, vol. 194, Springer- Verlag, New York, 1971. 
[Bu] P. Buser, Geometry and Spectra of Compact Riemann Surfaces, Birkhauser, 1992. 

[C] I. Chavel, Eigenvalues in Riemannian geometry, Acad. Press, 1984. 

[CdV] Y. Colin de Verdiere, Spectre du Laplacian et longeur des geodesiques periodiques 

I, II, Compositio Math. 27 (1973), 83-106, 159-184. 
[CS] J.H. Conway and N.J. Sloane, Four- dimensional lattices with the same theta series, 

Internat. Math. Research Notices (Duke Math. J.) no. 4 (1992), 93-96. 
[Cr] C. Croke, Rigidity for surfaces of non-negative curvature, Comm. Math. Helvetici 

65 (1990), 150-169. 

[DC] D. DeTurck & C. S. Gordon, Isospectral Deformations II: trace formulas, metrics, 
and potentials, Comm. Pure Appl. Math. 42 (1989), 1067-1095. 

[DGu] J. J. Duistcrmaat J.J. and V. W. Guillemin, The spectrum of positive elliptic oper- 
ators and periodic bicharacteristics, Invent. Math. 29 (1977), 39-79. 

[El] P. Eberlein, Geometry of two-step nilpotent groups with a left invariant metric, Ann. 

Scien. de l'Ecolc Norm. Sup. 27 (1994), 611-660. 

[E2] , Geometry of two-step nilpotent groups with a left invariant metric II, Trans. 

AMS 343 (1994), 805-828. 

[GHL] S. Gallot, D. Hulin, and J. Lafontainc, Riemannian Geometry, Springer- Verlag, New 
York, 1987. 

[Gl] C.S. Gordon, The Laplace spectra versus the length spectra of Riemannian manifolds, 

Contemporary Mathematics 51 (1986), 63-79. 



28 



RUTH GORNET 



[G2] 

[G3] 

[GGt] 
[GM] 

[GWW] 

[GW1] 

[GW2] 

[Gtl] 

[Gt2] 

[Gt3] 
[Gt4] 
[GuK] 

[GuU] 
[11] 

[12] 

[K] 

[M] 

[Otl] 

[Ot2] 

[PI] 

[P2] 

[Ra] 

[Sch] 
[S] 



, Riemannian manifolds isospectral on functions but not on 1-forms, J. Diff. 

Geom. 24 (1986), 79-96. 

, When you can't hear the shape of a manifold, The Math. Intelligencer 11, 



39-47. 

C.S.Gordon & 
C.S. Gordon . 



R. Gornet, Spectral Geometry on Nilmanifolds, in preparation (1995). 
i Y. Mao. Geodesic coniu aacu in 2-step nilmanifolds, MSRI Preprint 



(http://www.msri.org/MSRI-Prcprints) #1995-033 (1995). 

C.S. Gordon, D. Webb, and S. Wolpert, Isospectral plane domains and surfaces via 
Riemannian orbifolds, Invent. Math. 110 (1992), 1-22. 

C.S. Gordon and E.N.Wilson, Isospectral deformations of compact solvmanifolds, J. 
Differential Geometry 19 (1984), 241-256. 

, The spectrum of the Laplacian on Riemannian Heisenberg manifolds, Mich. 

Math. J. 33 (1986), 253-271. 

Ruth Gornet, Equivalence of quasi-regular representations of two and three-step 
nilpotent Lie groups, J. of Functional Analysis 119 No. 1 (1994), 121-137. 
, The length spectrum and representation theory on two and three-step nilpo- 
tent Lie groups, Contemporary Mathematics: Geometry of the Spectrum (R. Brooks, 
C.S. Gordon, P. Perry, eds.), vol. 173, AMS, 1994, pp. 133-156. 

, A new construction of isospectral Riemannian nilmanifolds with examples, 

MSRI Preprint ( http: //www. msri.org/MSRI-Preprintsl ) #1995-023 (1995). 

, Spectral geometry on higher-step Riemannian nilmanifolds, Ph.D. Thesis, 

Washington University in St. Louis (1993). 

V. Guillemin and D. Kazhdan, Some inverse spectral results for negatively curved 
n-manifolds, Proc. Symp. Pure Math., Geometry of the Laplace Operator, vol. 36, 
Amer. Math. Soc, 1980, pp. 153-180. 

Guillemen & A. Uribe, On the de Haas-van Alphen effect, Asymp. An. 6 (1993), 
205-217. 

A. Ikeda, Isospectral problem for spherical space forms, in "Spectra of Riemannian 
Manifolds," ed. by M. Berger, S. Murakami and T. Ochiai (1983), Kaigai Publica- 
tions, 57-63. 

, Riemannian manifolds p-isospectral but not (p + 1) -isospectral, Geometry 

of Manifolds (Matsumoto), Perspect. Math., vol. 8, Academic Press, Boston, MA, 
1989, pp. 383-417. 

Ron Karidi, Geometry of volume growth in simply connected Lie groups, Disserta- 
tion, Tel-Aviv University (1993). 

J. Milnor, Eigenvalues of the Laplace operator on certain manifolds, Proc. Nat. 
Acad. Sci. USA 51 (1964), 542. 

J. Otal, Le spectre marque des longuers des surfaces a courbure negative, Ann. of 
Math. 131 (1990), 151-162. 

, Sur les longueurs des geodesiques d'une metrique a courbure negative dans 

le disque, Comm. Math. Helvetici 65 (1990), 334-347. 

Hubert Pesce, Deformations isospectrales de certaines nilvarietes et finitude spec- 
trale des varietes de Heisenberg, Ann. Sci. Ecole Norm. Sup. 25 (1992), 515-538. 

, line formule de Poisson pour les varietes de Heisenberg, Duke Math. J. 73 

(1994), 79-95. 

M.S. Raghunathan, Discrete Subgroups of Lie Groups, Springer- Verlag, Berlin and 
New York, 1972. 

Dorothee Schueth, private communication (1994). 

T. Sunada, Riemannian coverings and isospectral manifolds, Ann. of Math. 121 
(1985), 169-186. 



Ruth Gornet: Texas Tech University; Department of Mathematics; Lubbock, 
Texas 79409-1042; May 1995 



